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Abstract 

Let A be a unital separable simple C*-algebra with TR(A) < 1 and 
a be an automorphism. We show that if a satisfies the tracially cyclic 
Rokhlin property then TR(A Z) < 1. We also show that whenever A 
has a unique tracial state and q'" is uniformly outer for each 0) and 

is approximately inner for some r > Q, a satisfies the tracial cyclic 
Rokhlin property. By applying the classification theory of nuclear C*- 
algebras, we use the above result to prove a conjecture of Kishimoto: if 
A is a unital simple AT-algebra of real rank zero and a £ Aut(A) which 
is approximately inner and if a satisfies some Rokhlin property, then 
the crossed product A Xa Z is again an AT -algebra of real rank zero. 
As a by-product, we find that one can construct a large class of simple 
C*-algebras with tracial rank one (and zero) from crossed products. 



1 Introduction 

The Rokhlin property in ergodic theory was adopted to the context of von 
Neumaimalgebras by A. Connes (10). It w g^s a dopted by Herman an^ ^c- 
neanu {fn\\ for UHF-algebras. M. R0rdam (OT) and A. Kishimoto(lT3'')"in- 
troduced the Rokhlin property to a much more general context of C* -algebras 
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(see also IQ). A. Kishimoto had been studying automorphisms on UHF- 
algebras ajK^ ^'^^'^ generally, on simple ^T-algebras that satisfy a Rokhlin 
property (It2 , More recently, N. C. Phillips studied finite group actions 

"vdiich satisfy certain type of Rokhlin property on some simple C* -algebras 

m)- 

A conjecture of A. Kishimoto can be formulated as follows: Let A be a 
unital simple AT-algebra of real rank zero and a be an approximately inner 
automorphism. Suppose that a is "sufficiently outer" , then the crossed prod- 
uct of the AT-algebra by a, A Xq Z is again a unital simple AT-algebra. In 
particular, he studied the case that A has a unique tracial state. 

A. Kishimoto pmjMsed that the appropriate notion of the outerness is the 

M::^in property (Ij i4| ) . He also introduced the notion of uniformly outer 
f. In I i4| ■ he showed that if A is a unital simple AT-algebra of real rank 
zero with a unique tracial state and a G Aut(A) is approximately inner, then 
a has the Rokhlin property if and only if a"* is uniformly outer for all to 7^ 0. 
He also showed that the Rokhlin property, in this situation, is equivalent to 
say that A ><„ Z has real rank zero, and it is ecuiiyalent to say that ^4 Xq, Z has 
a unique tracial state. A. Kishimoto showed that, if in addition, A is a 

UHF^algebra then ^4 x q,Z is in fact a unital simple AT-algebra. He also showed 
in \ [Lb\ that the conjecture is true for the case that A is assumed to have a 
unique tracial state, both Ki{A) are finitely generated and Ki{A) ^ Z, and, 
in addition, that a G Hinn(A). Among other things, we prove in this paper 
the Kishimoto conjecture for all cases that A has a unique tracial state. If the 
term of "sufficiently outer" is interpreted as "tracial Rokhlin" property, then 
Kishimoto's conjecture holds: Let A be a unital simple AT-algebra and a be 
an approximate inner automorphism. Suppose that a has the tracial Rokhlin 
property, then A Xq, T is again a unital simple AT-algebra. 

We take the advantage of the devc ipi^YicntJii Elliott's program of the clas- 
sification of nuclear C*-algebras (see ?'^nd 1^, for example). In particular, 
we use the classification result in [■277~where unital separable simple C*- 
algebras satisfying the Universal Coefficient Theorem and with tracial topo- 
logical rank zero are classified by their /^-theory. Adopting a N. C. Phillips's 
observation, we note that if A is a unital simple C*-algebra with TR(A) < 1 
and a G Aut(A) satisfies a so-called tracial cyclic ^Rokhlin jdto then 
TR(A Xq Z) < 1 so that the classification result in \(zii^ and [^i[~ca,n be ap- 
plied. Using Kishimoto's techniques, we show that if is approximately 
inner (for some integer r > 0), the tracial Rokhlin property introdiiped in 
(\z6\] implies the tracial cyclic Rokhlin property. Using a result in l |28] . we 
actually show a more general result (see Theorem la .5(1 . 

The assumption that a is approximately inrujr^is to insure that the crossed 
products remain finite (see the introduction of l(^). We relax this restriction 
slightly by only requiring that is approximately inner for some integer r > 
0. It turns out that in a number of cases, while there are automorphisms which 
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are not approximate inner, all (outer) automorphisms a have this KWPBrty, 
i.e., for some integer r > 0, a'" are approximately inner (see Theorem lk.l^|l . VVe 
show that our results also CgK6r_r!|iany cases in which A may have arbitrary 
tracial space (see Corollarv la.4|i r 

It is shown by G. Gong (IB ) that a unital simple AH-algebra with very 
slow dimension growth has tracial topological rank one or zero. Moreover, El- 
liott, Gong and Li (IQfj show that the class of unital simple AH-algebras with 
very slow dimension growth can be classified by their iC-theoretical data. 
An improvement of this classification has been made so that unital simple 
nuclear C*-algebras with tracial topological rank no more than one which 
satisfy the Universal Coefficient Theorem can also be classified by their K- 
theoretical data (t^3^ However, until now, all interesting examples of unital 
simple nuclear C*-algebras that have tracial topological rank one are those 
AH-algebras with very slow dimension growth (and those of similar induc- 
tive limit construction). Theorem b . Y I also provides ways to construct unital 
simple C* jjglgeb:^as with traci^ topological rank one by crossed products (see 
CoroUarv 14.41 an"d Exarnple |J:.5)l . It also creates the opportunity to apply the 
classification results in 

Acknovirledgement Most of this work was done when the first author was 
visiting Ritsmeikan University. He acknowledges the support of JSPS Grant 
for Scientific Research of Japan. During the work he was also supported by 
National Science Foundation of USA. The second author also acknowledges 
the support of JSPS Grant for Scientific Research of Japan. Both authors 
would like to thank Masaru Nagisa for a fruitful discussion. 

2 The Rokhlin properties 

The following conventions will be used in this paper. Let A be a unital C*- 
algebra 

(i) We denote by Aut(^) the set of all automorphisms on A and by T(^) 
the tracial state space of A. 

(ii) Two projections p,q G A are said to be equivalent if they are Murray- 
von Neumann equivalent. That is, there exits a partial isometry w G A 
such that w*w = p and ww* = q. Then We write p ^ q. 

(iii) Let JF and S be subsets of A and e > 0. We write x S if there exists 
y E S such that \\x — y\\ < e, and write J- <Ze S if x S for all x E T . 

(iv) Let a and h be two positive elements in A. We write [a] < [6] if there 
exists an element x G A such that a = x*x and xx* G hM). If ah — ha = 
0, then we write [a -I- 6] = [a] + [fe]. Let p be a projection and h non-zero 
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positive element in A. Note that [p] < [b] implies that p is Murray-von 
Neumann equivalent to a projection in the hereditary C*-algebra bAb. 

(v) We denote by the class of all finite dimensional C*-algebras, and 
by X'*^^ the class of all C*-algebras with the form pMn{C{X))p, where 
X is a finite CW complex with dimension k and p G M„(C(X)) is a 
projection. 



We recall the definition of tracial topological rank of C*-algebras. 

IDO Definition 2.1. iTU^hcorcm 6.13] Let A be a unital simple C*-algebra and 
fc G N. Then A is said to have tracial topological rank no more than k if and 
only if for any finite set J- G A, and e > and any non-zero positive clement 
a £ A, there exists a C*-subalgebra B C A with B G I^'^^ and ids — p such 
that 

(1) ||[a:;,p]|| < e for all x £ T, 

(2) pxp Gj B for all x £ T, 

(3) [1-p] < [a]. 
We write TR(A) < fc. 

IRO Remark 2.2. l^pCoroUary 6.15] Let A be a simple unital C*-algebra with 
stable rank one which satisfies the Fundamental Comparison Property. Then 
TR(A) < fc if and only if for any finite set G A^ e > 0, and any non-zero 
positive element a G A, there exists a C*-subalgebra B C A with B G 2^''^ 
and idB — p such that 

(1) II [a;, p] II < e for all a; G J^, 

(2) pxp Ge B for all x £ T, 

(3) t(1 -p) <s for aU t G T{A). 

Recall that A is said to have the Fundamental Comparison Property iip,q € A 
are two projections with t(p) < T{q) for all t G T(A), then p is equivalent to 
a subprojection of q. 

IQP 

The following is defined in t'2B, Definition 2.1]. 

IDl I Definition 2.3. Let A be a simple unital C*-algebra and let a G Aut(A). 
We say a has the tracial Rokhlin property if for every finite set F C A, every 
e > 0, every n G N, and every nonzero positive element x € A, there are 
mutually orthogonal projections eo, ei, . . . , Cn G A such that: 
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(1) ||a(ej) ~ e,+i \\ < e ior < j < n - 1. 

(2) \\eja — aCjW < e for < j < n and all a E F. 

(3) Withe = E;Uej, [l-e]<N. 

We define a slightly stronger version of tie tracial Rokhlin property similar 
to the approximately Rokhlin property in \ \i'Z[ Definition 4.2]. 

ID2 Definition 2.4. Let A be a simple unital C*-algebra and let a E Aut(yl). 
We say a has the tracial cyclic Rokhlin property if for every finite set F C A, 
every £ > 0, every n G N, and every nonzero positive element x E A, there 
are mutually orthogonal projections eo, ei, . . . , e„ E A such that 

(1) ||a(ej) — ej+i|| < e for < j < n, where e„+i — cq. 

(2) Weja — aejW < e for < j < n and all a E F. 

(3) With e = e„ [i-e] < [x]. 

IRl I Remark 2.5. (i) The only difference between the tracial Rokhlin property 
and the tracial cyclic Rokhlin property is that in condition (1) we require 
that ||a(e„) — eo|| < e. 

(ii) If A has real rank zero, stable rank one and has weakly unperforated 
Ko{A) (or if A has SP-property, stable rank one, and the Fundamental 
Comparison Property), then condition (3) in both Rokhlin property can 
be replaced by the following condition (3)' using the standard argument: 

(3)' With e = e-j, we have r(l - e) < e for all r E T{A). 

(iii) If A is a simple unital C*-algebra with real rank zero, stable rank one, 
and has weakly unperforated Ko{A)^ the Rokhlin proDcrty in the sense of 
Kishimoto (1^2) implies the tracial Rokhlin property (1^]). 

Recall that a C*-algebra A is said to have SP-property if any non-zero 
hereditary C*-subalgebra of A has a non-zero projection. 

Obviously the tracial cyclic Rokhlin property implies the tracial Rokhlin 
property. The converse is also true in many cases. We will discuss it in the 
next section. 

Before stating the characterization of the tr^algRokhlin property we cite 
the following notion introduced by Kishimoto I. 

IDS Definition 2.6. Let A be a unital C*-algebra and a E Aut(A). We say a 
is uniformly outer if for any a E A, any projection p E A, and any e > 0, 
there are finite number of projections pi, . . . ,Prain A such that J2iPi = P ^'^'^ 
\\piaa{pi)\\ < e for i = 1, . . . , n. 
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The following result is the tracial Rokhlin version of Kishjmoto's result in 
the case of simple unital AT- algebras with a unique trace Ift ', Theorem 2.1]. 
inp 

I ITl I Theorem 2.7. t'SSj Let A be a simple unital C*-algebra with TR(A) = 0, 
and suppose that A has a unique tracial state. Then the following conditions 
are equivalent: 

(1) a has the tracial Rokhlin property. 

(2) a™ is not weakly inner in the GNS representation tt^. for any m ^ 0. 

(3) ^4 Z has real rank zero. 

(4) A Xq, Z has a unique trace. 



Note that the uniformly outerness implies that a is not weakly inpc^ in the 
GNS representation tt,- by an a-invariant tracial state r on A by [[T3iLemma 
4.4]. 

IR2 Remark 2.8. When A is a simple unital C*-algebra with tracial topological 
rank zero, if a G Aut(A) has the tracial Rokhlin property, it is proved in 
that the crossed product A Xq Z has real rank zero, stable rank one, and the 
order on projections over A Xq, Z is determined by traces. But it is not known 
that the crossed product A x^ Z has tracial topological rank zero. However, 
if a has the tracial cyclic Rokhlin propertyj^then we have the following result 
based on an observation of N. C. Philhps ff|.2B]\ 



IT2 I Theorem 2.9. Let A be a simple unital C*-algebra with TR{A) < 1. 
Suppose that a G Aut{A) has the tracial cyclic Rokhlin property. Then 
TR{A x„ Z) < 1. 

In particular, if A has TR{A) ^ 0, then TR(A x^ Z) = 0. 

Proof. We first note that, by I jYl j . A x^ Z is a simple C*-algebra. 

Let e > 0, n £ N, and F C A Xq Z be a finite set. To simplify notation, 
without loss of generality, we may assume that 

F = {aj™ 1 U {u}, 

where at G A and ||ai]| < 1 (i = 1, 2, m ) and w is a unitary which imple- 
ments a. Fix 6 G (A Xq Z)+\{0}. 

Since A has SP-property and a is outer, A Xq, Z also has SP- property 
Theorem 4]. In particular, there is a non-zero projection r G b{A Xq,Z)6. 
Let rg G A be a nonzero projection. Since A Xq, Z is simple, by 1.8 of 10, 
it is easy to find a non-zero projection r' G K^Atq such that r' is equivalent 
to a subprojection of r (see, for example, LtI) Theorem 4]). Hence there 



6 



are projections ri,r2 £ A such that rir2 ~ ''i + is equivalent to a 

subprojection of r (see, for example, 3.5.7 of fj22,j. 

Since a has the tracial cyclic Rokhlin property, for any (5 > with S < ^ 
there exist projections ei, 62 such that 

(1) \\a{e,) - e^+ill < (5 for 1 < i < 2 (es = ei) 

(2) ||[e,,afc]|| < 5 for 1 < fc < TO. 

(3) [1-61-62] < [ri]. 

Set p = ei + 62. From (1) above, one estimates that 

\\up - pu\\ = II Y.'i^i ue, - ELi e»+i"ll 
= Z]i=i ll^ej - 6i+iu|| < 26. 

Hence, together with (2) above, we obtain 

(4) II [p, a] II < 2(5 for aU a e F. 

There is a unitary v €z A xi^ Z such that ||t; — 1|| < (5 and vu*eiuv* — 6i+i 
for 1 < i < 2. Set w = vu* , and consider the C*-algebra D generated by 
eiAci and e2wei. Then D is isomorphic to eiAei (E) M2(C). Note that pw — 
eiw + e2W = we2 + wei = wp. Moreover, pwp G D. Since \\pup — pwp\\ < 6, 
one has that pup D. By (2) again, we have 

\\pajp- (eiajei +620^62)11 < 26 j = 1,2,..., to. 

It follows that pFp C25 D. 

Since A is a simple C*-algebra with SP-property, there exists a nonzero 
projection G eiAei such that is equivalent to a subprojection of r2- Since 
TR(6iA6i) < 1 (TI|^(eiAei) = if TR{A) = 0), TR(D) < 1 {TR{D) = if 
TR{A) = 0) by ifu^heorem 5.3]. So there exists a C*-subalgebra B e XC^) 
(k = I or k — 0) and projection e = Ib such that 

(5) II [pap, 6] II < (5 < e for aU a G F, 

(6) GCs B and 

(7) [p~e]< [ra]. 

From (3), (4), (5), and (7) above we estimate that 

(8) For any f eF 

lie/ - /6|| = ||e(p/ - fp) + efp-pfe + {pf - fp)e\\ 

< \\pf - fp\\ + \\epfp - p/p6|| + \\pf - fp\\ 

< 56 < e and 
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(9) 



[1-e] 



= [1 - p + p- e], 
= [l-p\ + \p-e] 

< [nl + h] < [riJ + H < [r] < [b]. 



From (6) and pFp C25 D, we have 

(10) pFp C45 D. 

Hence from the estimates (8), (9), (10) we conclude that A xIq-Z has tracial 
topological less than or equal to 1. 

In the case of TR(^) = B can be chosen to be finite dimensional. Hence, 
in that case, TR(A xia Z) = 0. □ 

3 Approximately inner automorphisms 

Lemma 3.1. Let A be a unital separable C*-algebra and a : A ^ A he a.n 
approximate inner automorphism. Suppose that {pj} is a central sequence of 
projections. Then there exists a central sequence of partial isometries {wj} 
such that w*Wj = pj and wjw* = a{pj), j = 1, 2, .... 

Proof. Fix a finite subset C A which is in the unit ball of A. Let £ > 0. 
Choose a unitary v G U{A) such that 



Since a is an automorphism, a{pj) is also a central sequence of projections. 
Choose a sufficiently large j so that 

\\pja — apjW < e/8 for all a € J- and ||Q;(pj)f — ua(pj-)|j < e/8. 
Since a is approximately inner, we obtain another unitary z G U (A) such that 

\\z*pjZ — a{pj)\\ < s/8 and \\z*az — a{a)\\ < e/8 for all a & T. 
It follows that 



\\{vz*)pj{zv*) - a{pj)\\ < \\vz*pjzv* - va{pj)v*\\ + \\va{pj)v* - a{pj)\\ < e/4. 



From the above we also have 

||u^;*a^;u* — a\\ < e/4 and \\vz*a — avz*\\ < e/4 for all a & T. 



\\ci{a) — v*av\\ < s/8 for all a ^ T . 



Let x,- = 



vz*pj. Then XjXj = pj and 




On the other hand, for any a E 
\\xja — axjW < \\vz*pja ~ vz*apj\\ + \\vz*apj — avz*pj\\ < e/8 + e/4 = 3e/8. 
There is a unitary u E U (A) such that \\u — 1|| < e/4 such that 

u{xjX*)u* — a(pj). 

Define Wj = uxj. Then WjW* = pj and WjW* = a{pj). Moreover we have 
that 

\\wja — aWjW < e for aU a £ J-'. 
Since J- is arbitrary, the lemma follows. □ 

IIL2 Lemma 3.2. Let ^ be a unital separable C*-algebra and a S Aut(A) for 
which is approximately inner for some integer r > 1. Let m G N, ttlq > m 
be the smallest integer such that mo = modr and I — m+ {r ~ l){mo + 1). 

Suppose that {e|"''}, i — 0,1,..., I, n — 1,2,..., are / + 1 sequences of 
projections in A satisfying the following: 

\He^'^)-e^\\\<Sn, lim <5„ = 0, 

e(")e(") = 0, if e(")~e;") in A, 

and for each i, {e^f"^} is a central sequence. 

Then for each i = 0,1,2, ... ,m, there is a central sequence of partial 
isometrics such that 

(w ■"•')* Wj-"^ = p-"-* and w-"'' (w-"-*)* = z = 0, 1, m - 1, 
where pi"-* = Z]j=o ^%](rno+i)- Moreover, for each i, 
lim |la(p("VpSl|-0. 

n — *oo 

JTTT 1 

Proof. Since a'" is approximately inner, by applying Lemma la.ll for each 
i,j = 0, 1, one obtains central sequences of partial isometrics {z{i, j,n)} 
such that 

z(i,j,n)*z{i,j,n) = ef^ and z{i, j,n)z{i, j,n)* = a''' {e-^^). 
Note that 



||a'^^"(ef))-e!:l,||<rj^„ 
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There is a unitary u{i,j,n) G U{A), for each i and j, such that 



\\u{i,j,n)-l\\ <2{rl)6„ and u{i,j,n)*a'^{e^"'^)u{i,j,n) = e^llj 

Since lim„^oo f^n = 0, for each i and j, {u{i,j,n)} is central. Therefore, 
to simphiy notation, we may assume that 



z{i,j,n)*z{i,j,n) = ef^ and z{i,j,n)z{i,j,n)* = el'^^j. 



Define 



r-l 
3=0 



Then for each i, one checks easily that there are central sequences of partial 
isometrics {w{i,n)} such that 

w{i,n)*w{i,n) = p^^"* and w(i,n)w(«, n)* = i = 0, 1, ...,m. 
For example, (with mo = fcr), one defines 
w(0, n) = z{l, k, n)*+z{l+{mo+l), k, n)*+- ■ ■+z{l+{r-2){mo+l), k, n)*+z{Q, {r-l)k+l, n) 
Then (with mo = kr) 
w{0,n)w{0,n)* 

= z{l, k, n)*z{l, k, n) + z(l + (mo + 1), k, n)*z{l + (mo + 1), fc, n) H 

+z{l + {r- 2)(mo + 1), k, n)*z{l + (r - 2)(mo + 1), k, n) 
+zio, (r - l)k + 1, n)z{0, (r - l)k + 1, n)* 



(n) 
Pi 



l+(mo + l) "I ^ ^l+(r-2)(mo + l) + ^l + (r-l)(mo + l) 



(nnfp ihai p^''^ — p^"^ — p^"^ — p'"^ ^ and 

^note tudi, (^(^(^r-l)k+l)r — ^{r-l)kr+r ~ '^(r-l)mo+r ~ ^l+{r-l){mo + l)) 

M;(0,n)*w(0, n) 

= z(l, fc, n)z(l, fc, n)* + z(l + (mo + 1), fc, n)z{l + (mo + 1), k, n)* + ■ 
+z{l + (r - 2)(mo + 1), k, n)z{l + (r - 2)(mo + 1), k, n)* 
+z(0, (r - l)k + 1, n)*^;(0, (r - l)k + 1, n) 

(n) (n) (n) . (n) 

— ^'l + kr + '"'l + („iu + l) + fer "I ^l+(r-2)(mu + l) + fer) + ^0 

— + 1 + ^2(mo + l) + ^ ^(r-l)(mo+l) ^ '^O 

= p^"\ and 



10 



Since, for each i and j, {z{i,j, n)} is central, so is {'w{i, n)}. 
From the construction we know that for each i 



< rSr, 



(n ^ (X)) 



□ 



Let {Eij} be a system of matrix units and K. be the compact operators 
on ^^(Z) where we identify Ei,i with the one-dimensional projection onto the 
functions supported by {i} C Z. Let S be the canonical shift operator on 
£^(Z). Define an automorphism cr of /C by (t{x) = SxS* for all x G K.. Then 
a{E,,j) = E,+i^j+i. For any e N let Pn = E^Io' 

Lemma 3.3. (Kishimoto, 2.1 of 1^^) For any 77 > and n G N there exist 
iV e N and projections eg, ei, . . . , e„_i in /C such that 

J2i=o < Pn 

\\a{e,) - e,+i \\ < rj, i = 0, . . . , n - 1, e„ = Cq 

71 dim ep i _ „ 
AT ^ i- //. 

Theorem 3.4. Let ^ be a unital separable simple C*-algebra with TR(yl) < 
1 and G Aut(A) be an approximately inner automorphism for some integer 
r > 1. Suppose that a has the tracial Rokhlin property then a has the tracial 
cyclic Rokhlin property. 

Proof. Let e > 0. Let e/2 > > and m G N be given. Choose N which 
satisfies the conclusion of Lemma IFTTSI (with this 77 and n — m). Identify 
PnICPn with Mn- Let Q — {£'i+i^i : j = 0, 1, iV — 1} be a set of generators 
of Mjy. Let eg, ei, Cm-i be as in the conclusion of Lemma ti.'dl 
For any e > 0, there is (5 > depends only on N such that, if 

\\ag-ga\\ < S 

for g & G, then 

llaci - e,a\\ < e/2, i = 0, 1, n. 
We assume that S < rj. Fix a finite subset Tq C A. 

Choose mo G N such that mo > m is the smallest integer with mo — 
mod r. Let L = + (r - l)(mo + 1). 

Since a has the tracial Rokhlin property, there exits a sequence of projec- 
tions {e-'^'' : i — 0, 1, L} satisfying the following: 
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lim ||e-'^^a — ae-'^^ || = for all a e A, i — 0, 1, L and 

k — 'oo 

r(l - ^ ef^) < for all r e T(A), A: = 1,2,.... 

4=0 

By applying Lemma ja^Iif we obtain a central sequence {w^''"'} in yl such 
that 

(«;f ))*u;f ) = P^e^-) and 

«;f)(^f))*=pf), fc = 0,l,..., Z = 0,l,...,iV, 

< TL^ fc = 0,l,..., i = 0,l,...,7V-l, 

^(l-E.=o'^f^)<^. for all reT(A) 

where Z^^'^' = E,=o ^l+Uo+D. f^^' * = 0, 1, • ■ • , ^. 

It follows that {a'(w;WlLi = 0, 1, ...,7V are all central sequences. As the 
same argument in Lemma lb. there is a unitary Uk £ U{A) with \\uk — 1|| < 
6/2N such that adwfe o a(p/''^) = i^W, i = 0, 1, iV- 1. Put f3k = adwfcoa, 
and w^'^) = Wq'^''. Choose a large fc, such that 

[|/3[(w('=))a - a/3[(w('=))|| < 6 for all a G Tq, 

l = 0,l,-,N. 

Now let Ci and C2 be the C*-algebras generated by w'''),/?^, 
and by w^^), (w^^)), respectively. Note that Ci = Mjv, C2 = 
A/at+i. Define a homomorphism <i> : Ci — > /C by 

$(/31.(«;W)) = i = 0,l,...,7V-l 

I T K 

(see Lemma . Then one has a o $1^^ = $ o l3k\ci ^"^^ ^(Ci) — 
PnK^Pn- Now we apply Lemma v>.'S\ to obtain mutually orthogonal projec- 
tions eo,ei, ...,em-i in A^at such that 

II 1 mdimeo ^ 
||cr(ei) - ei-i|| < ?/ and > 1 - ?/. 

Let Pi = <i>~^(ei), i = 0, 1, to — 1. One estimates that 
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-(E ^/^-^ < 1 - E ^ - 1 - ^^^^ 

i=0 1=0 i=0 

for allr G T{A). So one has mutually orthogonal projectfonspo, Pi, P2, ■■•,Pm-i 
such that 

-Pi+i\\ < 2'* " 0, l,2,...,m- 1, p,„ =po- 
By the choice of S, one also has 

||api — pia|| < e, i = 0, 1, m — 1, for all a G JFq and 



m-l JV-1 
i=0 1=0 

for all r e T(A). Since 

\\f3k-a\\<S/2<e/2, 

one finally has 

\\a{pi) -Pi+i\\ < £, « = 0, 1, ...,m - 1, p,n = Po- 
In other words, a has the tracial cyclic Rokhlin property. □ 



IIT2 Theorem 3.5. Let ^ be a unital separable simple C*-algebra with TR(yl.) = 
which has a unique tracial state and satisfies the Universal Coefficient The- 
orem. Suppose that a'' G Aut(v4) is approximately inner for some integer 
r > 1 and that a™ is uniformly outer for any integer m 0. Then A Xq Z is 
a simple AH-algebras with no dimension growth with real rank zero. 



■pof. Note that since a is outer, ^ xi^, Z is simple by pT| . From Theorem 
a has the tracial Rokhlin property. Since £ Aut(A) is approximately 
inner for some integer r >. 1 , this implies that Jias the tracial cyclic Rokhlin 



property by Theorem la . 41 ^ So from Theorem iZ.Ul TRfA Z) =0. Using the 
classification theorem of Ij^ we conclude that A xi „ Z is a simple AH-algebra 
with no dimension growth with real rank zero. □ 



The following shows that the Kishimoto's conjecture that we mentioned 
in the introduction is true at least for the case that the simple AT-algebra has 
a unique tracial state. In Corollary t}. VI we show that if one agrees that the 
"sufficiently outer" means the automorphism has tracially Rokhlin property 
then we do not need to assume that A has a unique tracial state. 
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IICl Corollary 3.6. Let ^4 be a unital simple AT-algebra with a unique trace and 
real rank zero, and let a € Aut(^) such that a is approximately inner. If a"* 
is uniformly outer for any integer m 7^ 0, or a has tracial Rokhlin property, 
then j4 Xa Z is a unital simple AT-algebra of real rank zero. 



Proof. From the following Pimsncr-Voiculcscu exact sequenci 

Ko{A) ^^Z^ Ko{A) — ^ i^o(Ax„Z) 



1 



i4'i(Ax„Z) < Ki{A) < KiiA). 



id— c 



ITT1 



We sees that.Jvo(^ Xq, Z) and.^i(A Xq, Z) arc torsion free. From Theorem 
Thcorcm ltrir and Theorem lBTgi we know that TR(A x^Z) — and A x^Z 
satisfies the UCX/Jhcrcfore Ko{A><ia'Z) is a weakly unperforatcd Riesz group. 
It follows from IjSf that there is a unital simple AT-algebra B with real rank 
ihc same ordered scaled iiT-theory of A Xq Z. It follows from 
22,"That A?^ B. 

□ 



zero which has 
Theorem 5.1 of 



IIC2 Corollary 3.7. Let A be a unital simple AT-algebra (with real rank zero) 
and a G Aut(A). Suppose that a is approximately inner and a has the tracial 
Rokhlin property. Then A x q. Z is a unital simple AT-algebra (with real rank 
zero.) 

JTTT1 

Proof. It follows from Theorem ti.4l that a actually has the tracial cyclic 
RokMin property. Then, by Theorem IBTgi TR(A x^ Z) < 1. As in the proof 
of lb.bl A x^Z has torsion free if -theory. We then apply the classification 
theorem in [2Z (for real rank zero case) or apply 2?~(for real rank one case) 
to conclude that ^ Xq, Z is a unital simple AT-algebra ( and with real rank 
zero). □ 



Remark 3.8. Kishimoto in I |14| and \ \it)\ proved that if A is a simple 
unital AT-algebra of real rank zero with a unique trace, and a G Aut(A) is an 
approximately inner with the Rokhlin property, then A x q, Z is also a simple 
unital AT-algebra under the assumption that both Ko{A) and 7fi(A) are 
finitely generated with Ki{A) ^ IL and a £ IIInn(A). CoroUarv ltj . bi shows that 
extra conditions of if* (A) and a G IIInn(A) are not necessary. Corollary 
fshows that Kishimoto's conjecture holds in general (without assuming 
that A has the unique tracial state) if the "sufficiently outer" is replaced 
by the tracial Rokhlin property. One should note that the tracial Rokhlin 
propert y ^.^^ w eaker than the Rokhlin property used in Kishimoto's work. (See 
Remark lb. ai iiil.) Moreover, tracially cyclic Rokhlin property is related to " 
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approximate Rokhlin" property in 4.2 of \ \L'Z\ which is also weaker than the 
Rokhhn property used in Kishimoto's work. If one allows the "sufficiently 
outer" replaced by tracially cyclic Rokhlin property, then ^ ><„ Z is always 
a unital simple AT-algebra without even assuming that is approximately 
inner but assuming A xi^ Z has torsion free /C-theory. 

IIITf Theorem 3.9. Let A be a unital separable simple C* -algebra withTK{A) = 
or TR(A) — 1 and a G Aut(yl) such that a'' is approximately inner for some 
integer r > 0. Suppose that a has tracial Rokhlin property. Then TIi{A Xq, 
Z) = 0, or TK{A Xq Z) = 1. Furthermore, if, in addition, A satisfies the 
Universal Coefficient Theorem, then A Z is a simple AH-algebra with no 
dimension growth. 

JTTT1 I TT? 

Proof. T |Le^first part follows from Theorem [i . 41 and Theorem L!. 91 For the last 
part, by f'23'~A is a simple AH-algebra wit ^i^na dimension growth. By the 
first part, TR(A x^ Z) < 1, it follows from 24^~again that A x^ Z is also a 
simple AH-algebra with no dimension growth. □ 

I I ITTT1 

RIIIF I Remark 3.10. In Theorem we assume that TR{A) < 1. In fact, we 
only need to assume that A has the property (SP) and has the Fundamental 
Comparison Property. Suppose that A is a unital separable simple C*-algebra 
with TR(A) = and with a unique tracial state. Suppose also that A x 
has a unioue tracial state (unique crgodic) . Then by applying Theorem 
Theorem I Z 'jj and Theorem l ^/K TRfA x^ Z) = 0. On the other hand, in 
Corollary ti.tll and Corollary ti. W if we assume only that is approximate 
inner (for r > 1) and a has the tracial Rokhlin property, then A Xq. Z may 
not be an AT-algebra. This is because A Xq Z may have torsion. JHowever, 
it is a unital j\_H-algebra withjig dimension growth by Theorem la.ai But, in 
Corollary ti.bl and Corollary ti. ti if we assume that is approximate inner 
for some integer r and A Xq, Z has^tprsion free ii'-theory, then conclusion of 



both Corollary ti. til and CoroUarv Ki.YI hold. To torsion, related to the 



Kishimoto's conjecture, we proved (in Theorem the following: If A is a 
unital simple AH-algebra with no dimension growth (with real rank zero) and 
a € Aut(A) has the tracial Rokhlin property and is approximate inner for 
some integer r > 0, then A x^ Z is again a unital simple AH-algebra with no 
dimension growth (and with real rank zero). 



4 Examples 



Let G and F be abelian groups. Recall that Pext{G, F) is the subgroup of 
those extensions 

0^ F ^ E ^G^O 
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so that each finitely generated subgroup of G lifts. If ^ is a separable C*- 
algebra which satisfies the Universal Coefficient Theorem, then, for any a- 
unital C*-algebra B, KL{A,B) = KK{A,B)lPext{K^{A),K^_i{B)). 

Lemma 4.1. Let ^ be a separable amenable C*-algebra satisfying the UCT. 
Suppose that a e Aut(A) such that (Q!)*i — idKi(A)- « = 0, 1. Suppose that 
exti,{Ki-i{A), Ki{A)) / Pext{Ki-i{A), Ki{A)) is finite. Then there are inte- 
gers r > and fc > such that 

[^r+fc] ^ j^fc] KL{A,A). 

Proof. Consider [a™] — [a], for m = ^2, .... Since {a)^i = 'vliii{A)-, * = 0, 1, by 
the Universal Coefficient Theorem (['31, ) . one computes that 

[a'"] - [a] e ext^{K,+i{A),K,{A)). 

Since exti{Ki^i{A), Ki{A)) / Pext{Ki^i{A), Ki{A)) is finite, there are posi- 
tive integers r and k such that 

(K+'^l - H) = {[a^] - [a]) in KL{AA). 

It follows that 

= [a''] in KL(A, A) 

□ 

Theorem 4.2. Let A be a unital separable simple C* -algebra with TR(yl) — 
satisfying the UCT. Suppose that a G Aut(yl). In any of the following cases, 
is approximately inner for some integer r > 0. Consequently, if a'" is 
uniformly outer for all m G Z\{0} (or a has tracial Rokhlin property), a has 
tracial cyclic Rokhlin property and TR(yl Z) = 0. In particular, A Z is 
a simple AH-algebra with no dimension growth and real rank zero. 

(1) A'o(A) = £), where Z? is a countable dense subgroup of M and Ki{A) — 
Z, or Ki{A) = {0}; 

(2) K(){A) — D, where is a finitely generated countable dense subgroup 
of M and Ki{A) = Z or Ki{A) is finite; 

(3) Ko{A) = D(SG, with 

Ko{A)+ ^{ir,x)\reD,r>0,xeG}U {(0, 0)}, 

and D is a, dense subgroup of R such that for any non-zero element 
d G D and any integer n > 1, there is e G such that me = d for some 
m> n, where G = Z or G is finite and Ki{A) = Z, or Ki{A) = {0}; 
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(4) Kq{A) = Q © G, where G = Z or G is finite and Ki{A) = Z, or Ki{A) 
is a finite group. 

Proof. In all cases, it suffices to show that is approximately inner for some 
integer r > 1. 

For (1), it is clear that a,o = ^<iKo{A)- If Ki{A) — Z, since a*i is an 
isomorphism, a,i(l) = ±1. Therefore a^^ — idKi(A)- Since Ki{A^^ai^ torsion 
free, [a^] = [IcIa] in KL{A,A). It follows from Theorem 2.4 of ITT That is 
approximately inner. 

For (2), as in (1), a*o — id/fo(A)- Also if Ki{A) = Z, then a^^ — idK^i^A)- 
If Ki{A) is finite, since a*i is an isomorphism, there exists ri > 1 such that 
al\ = icl^j^(A). Let /? = q;^''i. Then = id;f.(A), i = 0, 1. However, in this 
case, 

extz{D,Ki{A)) = {0} and extziKi{A), Ko{A)) is f^mte. 

It follows from Lemma ^^™"'"'^] = [Z?*^] in KL{A,A) for some integer 

m, fc > 1. By Theorem 2.3 of I 'ZL , there exists a sequence of unitaries such 
that 

lim adw„ o = (a) for all a £ A. 

n — >oo 

Since is an automorphism, it follows that /3™ is approximately inner, or 
^m(2ri) approximately inner. 

For (3), as above, one has that ali — idxi(A)- The assumption on D 
implies that there is no nonzero homomorphism from Z) to Z or a finite group. 
One then checks that there is an integer r\>\ such that a^o = \dKa{A)- Put 
/3 — o?"^^ . Then — id^^j^j, i = 0,1. To see that /3™ is approximately inner, 
we note that extz{D, Ki{A)) — Pext{D, Ki(A)) since D is torsion free. One 
then computes that 

extz {Ko (A) , Ki (A) )/Pext{Ka {A) , Ki {A) ) = ext^ (G, {A) )/Pext{Ka {A) , Ki {A)) 

which is finite, and extz{Ki{A), Ko{Aj) — {0}. Thus^pne can apply the same 
argument as in the case (2) by applying Lemma ti.ll 

For (4), as in the case (2) and (3), there is ri > 1 such that — idx-(A)) 
i — 0, 1. Moreover, since Q is divisible, 

ea;iz(i^i(A),Q) = {0}. 

Because Ki{A) = Z, or Ki{A) is finite, 

extz{Ki{A),Kn{A)) ^ extz{Ki{A),G) is also finite. 

Since Q is torsion free, extz{Q, Ki{A)) — Pext{Q, Ki{A)). One then computes 
that 

extz {K„{A),Ki{A))/Pext{Kf,{A),Ki{A))^exUG,Ki{A))/Pext{Ko{A),Ki{A)) 
which is finite. Thus the argument in the case (3) applies. □ 
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IIIPl Proposition 4.3. Let A be a simple unital C*-algebra with TR(A) = 0, and 
i? be a simple unital C*-algebra with TR{B) < 1. Suppose that a G Aut(A) 
has the tracial cyclic Rokhlin property. Then for any /3 e Aut(i?) a /3 £ 
Aut(A ®min B) has the tracial cyclic Rokhlin property. 



Proof. It follows from 1^ TR{A ®niin -B) < 1. Hence A (g),nin B has SI^-^^ 
property, stable rank one and the Fundamental Comparison Property ([ (YtTr " 
Proposition 6.2 and Theorems 6.9 and 6.11]). 

Let F C A (X>min S be a finite set, n E N, and e > 0. Without loss of 
generality, we may assume that there exist a finite set C A and Fb C B 
such that F = Fa® Fb- 

Since a has the tracial cyclic Rokhlin property, there exist mutually or- 
thogonal projections ep, ei, . . . , e„ £ A such that 

(1) ||Q:(ej) — ej+i|| < e for < j < n, where Cn+i = cq. 

(2) Weja — aejW < e for < j < n — 1 and all a G Fa- 

(3) r(l — X]J=o ^i) ^ ^'^^ tracial states r on A. 



(See Remark lOlfu).) 

Set fi = Ci® 1b for < i < n. Then fi are mutually orthogonal projections 
in A 0min B such that 

(1) II (a /3)(/j) - /j+i|| < e for < j < n, where /„+i = /q. 

(2) Wfja - afjW < £ for < j < n - 1 and all a e F. 

(3) t(1 — X]j=o /j) < ^ for all tracial states r on A ®inin B. 

This means that a® (3 has the tracial cyclic Rokhlin property by Remark 
(ii). □ 

IVCtr=l Corollary 4.4. Let A be a separable simple amenable unital C* -algebra with 
TR(yl) = which satisfies the UCT, and B be a simple amenable unital C*- 
algebra with TR(i3) < 1. Suppose also that A has a unique tracial state 
and a G Aut(A) such that a™ is uniformly outer for all m and 
is approximately inner for some integer r > 1. Then for any (3 G Aut(i3), 
a ® (3 has the tracial cyclic Rokhlin property and TK{D) < 1, where D — 
{A®B) Xc,®/3 Z. 

An unexpected consequence of the above corollary is that it provides a 
new way to construct unital simple C* -algebras with tracial topological rank 
one. All previous examples are inductive limit construction (see 1^). Since 
there is basically no restriction on B and /?, a great number of those simple 
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C*-algebras D with TR(£)) = 1 can be obtained from Corollary 14 41 since 
TR(i3) = 1, one certainly expects that most such D has TR(£') = 1 but not 
TR(£') = 0. To convince the reader that it is likely the case, we compute the 
tracial rank in a very special case below. From its construction, it should be 
clear how other example can be constructed. 

Denote Aff (A) the space of all affine continuous functions on T(A). Given 
a projection p G M„(A) for some integer n > 1 we define pa{p){t) — {t ® 
Tr)(p) for all r e T(v4), where Tr is the standard trace on M„(C). Then 
Pa{p) e Aff(T(A)). 

Example 4.5. Let A be a unital UHF-algebra with Kq{A) ~ Q and a be 
in Aut(A) so that a™ is uniformly outer for all m 7^ (^.p is uniquely 
ergodic). Then a has the tracial cyclic Rokhlin property by IT2, Lemma 4.3] 
and Theorem la.ai Let i? be a unital simple AT-algebra for which Kq{B) = Q 
and Ki{B) ^ Z®Z and Ji ff (T(g)) = Ck([0, 1]). Existenceof such simple 
AT- algebra was given by I pfej . It follows from section 9 of pi] that there is 
P e Aut(_B) such that /3*i(x,?/) = {-x,y) for {x,y) S Z © Z, /3*o = ^dKo{B) 
and T o (3{h) = T{b) for all & G S and r e T(i?). It should be noted that 
r o a(a) = r(a) for all a e T{A). Put 7 = a ® /3 and C = A (g) i? and 
D = Cx^Z. 

By the Kunneth formula one computes that C is a unital simple {AT- 
algebra) with Ko{C) = Q and Ki{C) = Q ® Q. One computes that 7*0 = 
id/fo(C) and 7*i((a;,y)) = {-x, v\f m {x,y) GQ©Q. 

It follows from Proposition ^^That 7 has the tracial cyclic Rokhlin prop- 
erty. Moreover TR(£)) < 1. To check that TR(D) = 1, we first compute that, 
by Pimsner-Voiculescu's exact sequence and by the divisibility of Q, we have 
Kq{D) = (Q©(Q and Ki[D) = Q©Q. Consider tracial states with the form t®r, 
where t G T(A) and t G T(i3). Note all these tracial states are 7 invariant. 
Thus they give tracial states on D. Note that T(A) is a single point. Thus we 
may identify T(B) with T(yl) ® T{B). Hence Aff(T(A) ® T(B)) = Cr([0, 1]). 
Let ei = /3d((1,0) and 62 = pd((0, 1)). Then 

Pd{Ko{D)) = {xei +ye2:x,ye Q}. 

We view T{B) C T(_D). Thus one has a surjective affine homomorphism A : 
AS{T{D)) Aff(T(B)). It is easy to see that A^pd{Ko{D)) being rank two 
can not be dense in Cr([0, 1]). It follows from IT, Theorem 6.9] that D has 
realj^ank other than zero (actually one). It follows from Theorem 7.1(c) of 
plf^hat TR{D) = 1. 

If one insists to get non-zero torsion in A'-theory, one may start, for ex- 
ample, with Ko{A) = Q and KiiA) = Z/pZ. 
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